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Násobenı́ matic
• je asociativnı́, nenı́ komutativnı́

• k regulárnı́m maticı́m existujı́ inverznı́ matice
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Maticové násobenı́

Definice: Pro matice A ∈ Rm,n a B ∈ Rn,p existuje maticový součin
A ⋅ B = C ∈ Rm,p (v tomto pořadı́). Jednotlivé prvky součinu ci,k
jsou dány vzorcem:

ci,k = ai,1b1,k + ai,2b2,k + · · · + ai,nbn,k =
n

∑
j=1

ai,jbj,k.

Přı́klad: Je-li A ∈ R3,4 a B ∈ R4,5, pak A ⋅ B je definováno, ale
B ⋅ A nenı́ definováno.

Pozorovánı́: Aby bylo definováno A ⋅ B, musı́ mı́t A stejný počet
sloupců jako má B řádků. Výsledná matice má tolik řádků, jako
má řádků matice A a tolik sloupců, jako má sloupců matice B.
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Přı́klady násobenı́

( 1 2 3 ) ⋅

4
5
6

 = ( 1 ⋅ 4 + 2 ⋅ 5 + 3 ⋅ 6 )

4
5
6

 ⋅ ( 1 2 3 ) =

4 8 12
5 10 15
6 12 18


(

1 1
−1 −1

)
⋅

(
1 1
1 1

)
=
(

2 2
−2 −2

)
(

1 1
1 1

)
⋅

(
1 1

−1 −1

)
=
(

0 0
0 0

)
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Poznatky z předchozı́ch přı́kladů:

• Maticové násobenı́ nenı́ komutativnı́ ani pro čtvercové matice

• Neplatı́ pravidlo: součin nenulových matic musı́ být nenulová
matice

• Co tedy platı́? . . .
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Vlastnosti maticového násobenı́:

• (A ⋅ B) ⋅ C = A ⋅ (B ⋅ C) . . . asociativnı́ zákon

• (A + B) ⋅ C = A ⋅ C + B ⋅ C . . . distributivnı́ zákon

• C ⋅ (A + B) = C ⋅ A + C ⋅ B . . . distributivnı́ zákon

• α(A ⋅ B) = (αA) ⋅ B = A ⋅ (αB) . . . konstanta

• (A ⋅ B)T = BT ⋅ AT . . . transponovaná matice
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Přı́klad: soustavy lin. rovnic

Necht’ A ∈ Rm,n.

A ⋅


x1

x2
...

xn

 =


b1

b2
...

bm


Toto je soustava lineárnı́ch rovnic s m rovnicemi a n neznámými.

Stručně zapisujeme: A ⋅x = b. Matice A se nazývá matice soustavy,
jednosloupcová matice b je vektor pravých stran. Úkolem je nalézt
všechny jednosloupcové matice x, které vyhovujı́ maticové rovnici.
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Blokové násobenı́

Necht’ A a B jsou matice sestavené po blocı́ch takto:

A =
(

A1,1 A1,2

A2,1 A2,2

)
, B =

(
B1,1 B1,2

B2,1 B2,2

)
Necht’uvedené bloky jsou matice takového typu, že násobenı́ matic
Ai,j ⋅ Bj,k je definováno pro všechny přı́pady, které se vyskytujı́
v následujı́cı́m vzorci. Pak

A ⋅ B =
(

A1,1 ⋅ B1,1 + A1,2 ⋅ B2,1 A1,1 ⋅ B1,2 + A1,2 ⋅ B2,2

A2,1 ⋅ B1,1 + A2,2 ⋅ B2,1 A2,1 ⋅ B1,2 + A2,2 ⋅ B2,2

)
. . . analogicky pro jinak vytvořené bloky. Napřı́klad:

A ⋅ ( B1 B2 . . . Bp ) = ( A ⋅ B1 A ⋅ B2 . . . A ⋅ Bp )
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Výpočetnı́ složitost maticového násobenı́

Předpokládejme dvě matice A, B ∈ Rn,n. K výpočtu A ⋅ B (podle
definice) potřebujeme n3 operacı́ (násobenı́ dvou čı́sel). Nedalo by
se ušetřit?

• Rekurzivnı́ algoritmus násobenı́ matic: vycházı́ z blokového
násobenı́. Potřebuje F(n) operacı́:

F(n) = 8F(n/2) = 8(8F(n/4)) = 8(8(8F(n/23))) =
= · · · = 8mF(n/2m) = 8mF(1) =
= 8m = (23)m = 23m = (2m)3 = n3.

• Rekurzivnı́ Strassenův algoritmus: vycházı́ z blokového ná-
sobenı́, ale vystačı́ si se sedmi součiny. Potřebuje F(n) operacı́:

F(n) = 7F(n/2) = 7(7F(n/4)) = 7(7(7F(n/23))) =
= · · · = 7mF(n/2m) = 7mF(1) =
= 7m = (2log2 7)log2 n = 2log2 7 ⋅ log2 n = nlog2 7 .= n2,807.
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Strassenův algoritmus

X1 = (A1 + A4) ⋅ (B1 + B4),
X2 = (A3 + A4) ⋅ B1,
X3 = A1 ⋅ (B2 − B4),
X4 = A4 ⋅ (B3 − B1),
X5 = (A1 + A2) ⋅ B4,
X6 = (A3 − A1) ⋅ (B1 + B2),
X7 = (A2 − A4) ⋅ (B3 + B4)

Dá se ověřit, že platı́:(
A1 A2

A3 A4

)
⋅

(
B1 B2

B3 B4

)
=
(

X1 + X4 − X5 + X7 X3 + X5

X2 + X4 X1 − X2 + X3 + X6

)
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Komutujı́cı́ matice

Když platı́: A ⋅ B = B ⋅ A, řı́káme, že matice B komutuje s maticı́ A.

Pozorovánı́: Komutovat mohou pouze čtvercové matice stejného
typu.

Úloha: Je pevně dána čtvercová matice A, je třeba najı́t k nı́
množinu všech matic B, které komutujı́ s A.

Pozorovanı́: Uvedená množina matic B, které komutujı́ s danou
maticı́ A, tvořı́ lineárnı́ podprostor lineárnı́ho prostoru matic Rn,n.



BI-LIN, nasobenimatic, 7, P. Olšák [11]

Inverznı́ matice

Čtvercovou matici s jedničkami na diagonále a nulami jinde zna-
čı́me E a řı́káme ji jednotková matice.

Pozorovánı́: A ⋅ E = E ⋅ A = A, analogie s čı́sly: a ⋅ 1 = 1 ⋅ a = a.

Definice: Inverzı́ matice ke čtvercové matici A je taková matice
B, pro kterou je

A ⋅ B = B ⋅ A = E.

(viz též analogie s čı́sly). Inveznı́ matici značı́me A−1.

Pozorovánı́: Pokud k matici A inverznı́ matice existuje, pak je
určena jednoznačně. Důvod je zde:

B1 = E ⋅ B1 = (B2 ⋅ A) ⋅ B1 = B2 ⋅ (A ⋅ B1) = B2 ⋅ E = B2

Otázka: Jak poznáme existenci inverznı́ matice k matici A?
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Regulárnı́ a singulárnı́ matice

Definice: Čtvercová matice je regulárnı́, pokud má inverznı́ ma-
tici. Čtvercová matice je singulárnı́, pokud nemá inverznı́ matici.

Pozorovánı́: Součin regulárnı́ch matic je regulárnı́ matice. Má-li
matice A inverznı́ matici A−1 a dále má-li matice B inverznı́ matici
B−1, pak inverznı́ matice k A ⋅ B je B−1 ⋅ A−1. Platı́ totiž:

(B−1
⋅ A−1) ⋅ (A ⋅ B) = B−1

⋅ (A−1
⋅ A) ⋅ B = B−1

⋅ E ⋅ B = B−1
⋅ B = E,

(A ⋅ B) ⋅ (B−1
⋅ A−1) = A ⋅ (B ⋅ B−1) ⋅ A−1 = A ⋅ E ⋅ A−1 = A ⋅ A−1 = E.
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Výpočet inverznı́ matice eliminacı́

Algoritmus: Má-li A lineárně nezávislé řádky, pak existuje A−1 a
lze ji vypočı́tat takto:

(A | E) ∼ (E | A−1)

Ke zdůvodněnı́ této metody potřebujeme zavést tři typy čtverco-
vých matic, které (pokud jimi násobı́me vybranou matici zleva)
„emulujı́ “ jednotlivé kroky eliminačnı́ metody. Součin těchto ele-
mentárnı́ch matic emulujı́cı́ všechny provedené kroky je matice P,
pro kterou platı́:

Věta: Je-li A ∼ B, pak existuje regulárnı́ P taková, že B = P ⋅ A.
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Podmı́nky regularity matice

Následujı́cı́ podmı́nky jsou ekvivalentnı́ s regularitou matice A ∈

Rn,n:

• A má inverznı́ matici (viz definice).

• Maticová rovnice A ⋅ X = B má řešenı́ pro každou B ∈ Rn,m.

• Matice A má lineárně nezávislé řádky.

• hod A = n.

• existuje eliminačnı́ proces, který provede A ∼ E.

• det A 6= 0 (o determinantech pohovořı́me později)
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Hodnost součinu

Věta: Je-li P regulárnı́ a platı́-li B = P ⋅ A, pak A ∼ B.

Důkaz: P ∼ E a stejné kroky eliminace použijeme na (P | B), tj.:

(P | B) = (P | P ⋅ A) ∼ (E | X) = P−1(P | P ⋅ A) = (E | A),

takže A ∼ B.

Věta: Násobı́me-li matici A jakoukoli regulárnı́ maticı́, nezměnı́
se hodnost. Tedy: hod A = hod(P ⋅ A).

Věta: hod(A ⋅ B) ≤ min(hod A, hod B)

Důkaz*: hod A = k, tj. A ∼ C, C má k nenulových řádků. Existuje
tedy P regulárnı́, že A = P ⋅ C. Dále platı́:

hod(A ⋅ B) = hod(P ⋅ C ⋅ B) = hod(C ⋅ B) ≤ k.


